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$\zeta(s)=1+\frac{1}{2}$. $+ \frac{1}{3}$. $+\cdots$
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Sondow $\zeta(2),$ $\zeta(3)$ 2 :
$\zeta(2)=\int_{0}^{1}\int_{0}^{1}\frac{1}{1-xy}dxdy$, $\zeta(3)=\frac{1}{2}\int_{0}^{1}\int_{0}^{1}\frac{-\log xy}{1-xy}dxdy$
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$([\mathrm{S}\mathrm{o}\mathrm{n}98])$ $x>1$ $\sum_{n=1}^{\infty}(\frac{1}{n^{x}}-\frac{1}{x^{\mathfrak{n}}})$ –
$\sum_{n\sim 1}^{\infty}(\frac{1}{n^{x}}-\frac{1}{x^{f\prime}})=\sum_{n=1}^{\infty}(\frac{1}{n^{x}}-\int_{n}^{n+1}\frac{1}{t^{x}}dt)$ . (1)





(2) (1) $xarrow 1^{+}$ $x=1$ $xarrow 1^{+}$
$\gamma$ : $\gamma=xarrow 1\lim_{+}\sum_{n=1}^{\infty}(\frac{1}{n^{x}}-\int_{n}^{n+1}\frac{1}{t^{x}}dt)$ . I
3F.Beukers $\zeta(2)$ $\zeta(3)$
F.Beukers $\zeta(2)$ $([\mathrm{B}\mathrm{e}\mathrm{u}79])$ Bellkers $\zeta(2),$ $\zeta(3)$ 2
3.1
1,2, $\cdots,$ $n$ 1,2, $\cdots,$ $n$ $n$ $\pi(n)$ $d_{n}$
$d_{n}= \prod_{:-1}^{\pi(n)}P_{1}^{\mathrm{c}}$‘ $P_{*}$. $i$






$d_{n}=, \prod_{\mathrm{P}-m*\leq \mathfrak{n}}p^{1_{\pi \mathrm{p}}^{\mathrm{o}}}\#]<,‘\prod_{\leq \mathrm{P}rn\mathrm{o}n}\mathrm{p}\ovalbox{\tt\small REJECT}_{l=n^{\pi(n)}}‘$
.
$\lim_{xarrow\infty}\frac{\pi(x)}{\frac{x}{\log x}}=1$
$\forall\epsilon>0$ $\exists n_{0}=n\mathrm{o}(\epsilon)\in \mathrm{N}$ $\forall n>n_{0}$ $\pi(n)<(1+e)\cdot\frac{n}{\log n}$
$\epsilon=0.09(<\log 3-1=0.98\cdots)$ $n_{\mathit{0}}$ $\forall n>$
$\pi(n)<(1+e)\cdot\frac{n}{\log n}<(\log 3)\cdot\frac{n}{\log n}$
$= \prod_{i-1}^{\pi(n)}P_{*}^{e_{i}}.\leq n^{\pi(f\iota)}<n^{(\log 3)\cdot(\mathrm{r}_{\circ n}^{\sim)}}\cdot=3^{n}$ .
3.2 $\zeta(2)$ $\zeta(3)$ 2






$\int_{0}^{1}\int_{0}^{1}\frac{-\log xy}{1-xy}dxdy$ $=$ $\int_{0}^{1}\int_{0}^{1}\frac{-(\log x+\log y)}{1-xy}dxdy$
$=$ $\int_{0}^{1}\{\int_{0}^{1}\frac{-\log x}{1-xy}dx$ $\int_{\mathit{0}}^{1,}\frac{-\log y}{1-xy}dx\}dy$
$=$ $1+ \frac{1}{2^{3}}+\frac{1}{3^{s}}+\frac{1}{4^{\theta}}+\cdots=\zeta(3)$
33 $\zeta(2)$
F.Beukers $\zeta(\mathrm{Z})$ $([\mathrm{B}\mathrm{e}\backslash 179])$
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$A_{1\iota}\in \mathbb{Z},$ $B_{n}\in \mathbb{Z}$ :
$\int_{\mathit{0}}^{1}\int_{0}^{1}\frac{(1-y)^{n}P_{n}(x)}{1-xy}dxdy=(A_{n}+B_{n}\zeta(2))d_{n}-2$ (3)




(3) $x$ $\mathrm{n}$ :
$| \int_{0}^{1}\int_{0}^{1}\frac{(1-y)^{\mathfrak{n}}P_{f1}(x)}{1-xy}dxdy|$ $=$ $| \int_{0}^{1}\int_{0}^{1}(\frac{y(1-y)x(1-x)}{1-xy})^{\mathfrak{n}}\frac{1}{1-xy}dxdy|$
$\leq$ $( \frac{\sqrt{5}-1}{2})^{\mathrm{b}n}\int_{0}^{1}\int_{\mathit{0}}^{1}\frac{1}{1-xy}dxdy=(\frac{\sqrt{5}-1}{2})^{ n}\zeta(2)$
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$g|A_{n}+B_{n} \zeta(2)|<g\cdot 2\{\frac{48}{59}\}^{n}$ (6)











$\log(\prod_{n=1}^{\infty}(\frac{n+1}{n})^{(-1)^{*-1}})=\log(\frac{2}{1}\cdot\frac{2}{3}$ . $\frac{4}{3}\cdot\frac{4}{5}$ . $\frac{6}{5}\cdot\frac{6}{7}$ . . . $.)= \log\frac{\pi}{2}$
$\sum_{n=1}^{\infty}(-1)^{n-1}(\frac{1}{n}-\log\frac{n+1}{n})=\log\frac{4}{\pi}=\log 2-\log\frac{\pi}{2}=1o\mathrm{g}2-\log\pi+\log 2$
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